Abstract. The tuple of multiplications by coordinate functions on the Hardy space of the open unit ball B 2m in C m (resp. open unit polydisk D m in C m ) is referred to as the Szegö tuple (resp. Cauchy tuple) and is a well-known example of a subnormal operator tuple. Naturally associated with the Szegö tuple (resp. Cauchy tuple) is its dual whose coordinates act on the orthocomplement of the Hardy space of the ball (resp. polydisk) in an appropriate L 2 space. We examine the Koszul complexes associated with the duals of the Szegö and Cauchy tuples and determine their Betti numbers. We explicitly verify that, for m ≥ 2, the m'th cohomology vector space associated with the Koszul complex of either the dual of the Szegö tuple or the dual of the Cauchy tuple is zero-dimensional. It follows in particular that, for m ≥ 2, neither the Szegö m-tuple nor the Cauchy m-tuple is quasisimilar to its dual; this is in contrast with the case m = 1 where both the Szegö tuple and the Cauchy tuple reduce to the Unilateral Shift, which is known to be unitarily equivalent to its dual.
Introduction
If H is a complex infinite-dimensional separable Hilbert space, then we use Every subnormal operator tuple has a 'minimal' normal extension that is unique up to unitary equivalence (see [13] Suppose S = (S 1 , · · · , S m ) is a tuple of commuting operators in B(H) and T = (T 1 , · · · , T m ) a tuple of commuting operators in B(J ). If there exists a bounded linear operator X : H → J such that XS i = T i X for each i, then X is said to be an intertwining operator (for S and T ) and we denote this fact by XS = T X. If X : H → J and Y : J → H are two intertwining operators for S and T such that XS = T X and Y T = SY , and both X and Y are injective and have dense ranges, then S is said to be quasisimilar to T . The operator tuple S is said to be unitarily equivalent to T if one can find a unitary intertwining operator for S and T .
The notion of the dual of a subnormal operator was introduced by Conway in [5] , where he verified that the Unilateral Shift is self-dual, that is, unitarily equivalent to its dual. It would thus be natural to investigate the existence of special intertwining operators for the Szegö tuple and its dual and the Cauchy tuple and its dual. A particular consequence of the analysis to follow is that, for m ≥ 2, neither the Szegö tuple nor the Cauchy tuple is even quasisimilar to its dual (see Proposition 2.2). The three basic ingredients needed for the proof of Proposition 2.2 are (i) the known spectral properties of the Szegö and Cauchy tuples, (ii) an examination of the long exact sequence ( * * * ) of Section 2 associated with the short exact sequence ( * * ) there, and (iii) the fact that quasisimilarity of certain subnormal tuples forces the equality of the corresponding Betti numbers of their Koszul complexes.
Let e 0 = 1 ∈ C and let {e 1 , · · · , e m } be the standard basis of C m . By the exterior algebra Γ over C m we understand the vector space direct sum
, and where the multiplication ∧ in Γ is bilinear, associative, and satisfies the relations 1
One can think of Γ as an orthogonal direct sum of Hilbert spaces with the inner
. Then E 0 is the identity operator on Γ, and the relations
Let T be an m-tuple of commuting operators in B(J ). Let Γ(J ) be the Hilbert space tensor product
where ∂ T,−1 and ∂ T,m are zero maps and At this stage, we find it necessary to record a few observations related to the chain version of the Koszul complex as considered in [6] . We first note that the p'th homology vector space of the chain Koszul complex in [6] is isomorphic to the (m − p)'th cohomology vector space H (m−p) (T ) as defined here; in particular, using γ p (T ) to denote the p'th Betti number of the chain Koszul complex of [6] , we have γ p (T ) = β m−p (T ). In [6] , Curto provides an algorithm whereby one can associate with T an operator matrixT of order 2 m−1 acting on the 2 m−1 -fold ampliation of J in such a way that T is invertible (resp. Fredholm) as an operator tuple if and only ifT is invertible (resp. Fredholm) as a single operator. For example, for
As observed in [6] (refer in particular to Theorem 4 there), if T is Fredholm, then 
in case m is odd. Indeed, the unitary equivalence is actually an equality in case the two matrices are of order 1; otherwise, is induced by a cross-diagonal matrix with some of the entries on the cross-diagonal being the identity operator I J and some of them being −I J . As a consequence, one has β p (T ) = γ m−p (T ) = γ p (T * ) = β m−p (T * ) for a Fredholm m-tuple T .
Duals of Szegö and Cauchy tuples
Using A to denote the closure of a set A in C m , it follows from the results in [6] The proof of Proposition 2.1 below can be provided appealing to the exact sequence ( * * ) and using the same arguments as in [6] (refer also to [1] , [9] and [10] ); we omit the proof.
The short exact sequence ( * * ) gives rise to the long exact sequence of cohomology ( * * * ) Proof. An examination of the proof of Theorem 2 in [3] (which relies upon Lemma 1 in [3] ) reveals the following: If a subnormal operator tuple T is quasisimilar to the Szegö tuple S = M σ,z , then T must be Fredholm and the dimension of any cohomology vector space H (p) (T ) must be the same as that of H (p) (S) (that is, β p (T ) = β p (S) for all p). For m ≥ 2, β p (S) differs from β p (S) for p = 1 and p = m, and the desired result is obvious. As was pointed out in [3] , the proof of Theorem 2 in [3] (which was presented in the context of the ball B 2m ) can also be adapted to the context of the polydisk D m . In particular, one has the following: If a subnormal operator tuple T is quasisimilar to the Cauchy tuple M τ,z , then T must be Fredholm and β p (T ) = β p (M τ,z ) for all p. One now argues exactly as in the case of the Szegö tuple.
It is known that
Let us suppose that the operator tuple T of the complex ( * ) is eitherM σ,z or M τ,z (with the underlying Hilbert space J being either the orthocomplement H
The coboundary map ∂ T,0 is given by f → (T 1 f, T 2 f, . .., T m f ), f ∈ J (where the action of T i is multiplication byz i ). It is trivial to see that ∂ T,0 has zero-dimensional kernel. The coboundary map ∂ T,1 is given by (f 1 , f 2 
Clearly, the vector (z 1 , ...,z m ) lies in Ker(∂ T,1 ), and, for any f in J , its inner product with
⊥ is spanned by (z 1 , ...,z m ) .
In Sections 3 and 4 below we provide explicit analytic proofs of the fact that, for m ≥ 2 and for S either the Szegö tuple or the Cauchy tuple, the m'th cohomolgy vector space
associated with the Koszul complex K(S) ofS is zero-dimensional, that is, β m (S) = 0. In the case of the dual of the Szegö tuple, that effort rests on the use of complex spherical harmonics.
Dual of Szegö tuple
In the present section we assume m ≥ 2. A polynomial f (z, z) in the variables z and z (with z = (z 1 , ..., z m ) ∈ C m ) is said to be harmonic if 
